Within the fractional derivative framework, we study thermomechanical models with memory and compare them with the classical Volterra theory. The fractional models involve significant differences in the type of kernels and predicts important changes in the behavior of fluids and solids. Moreover, an analysis of the thermodynamic restrictions provides compatibility conditions on the kernels and allows us to determine certain free energies, which in turn enables the definition of a topology on the history space. Finally, an analogous analysis is carried out for the phenomenon of heat propagation with memory.
Introduction
Materials whose constitutive equations can be described by a fractional derivative [5] are of increasing interest in recent years (see [30, 29] ). It is well known that materials with such properties can be considered in the class of materials with memory and may describe elastic, fluid and electromagnetic materials, but also other kinds of phenomena, such as heat flux models. In c 2014 Diogenes Co., Sofia pp. 206-223 , DOI: 10.2478/s13540-014-0163-7 this paper, we use the Caputo fractional derivative [8, 6] and limit ourselves to the study of thermomechanical and heat flux problems.
The first issue, which will be addressed concerns a comparison of the classical Volterra description of materials with memory and the fractional derivative theory [21] . We will see that the two view points are formally similar. Indeed, fractional models are those for which the viscoelastic memory kernel (or relaxation function) K(s) is given by
We however observe certain different properties for the fractional case. Compared to the Volterra theory for fluids with memory, this new definition of kernel (1.1) is not L 1 (0, ∞), which implies significant dissimilarity in the solution behavior. The differences are more evident for solid materials. Therefore, the fractional and Volterra models provide view points which are not reconcilable. It is appropriate to observe that, for solid viscoelastic materials, some experimental observations are particularly in agreement with models using fractional derivatives, because of the power law behavior of the stress relaxation function for viscoelastic materials as given by (1.1) (see [7] [19, 36] [ 26, 34, 31] ). The creep function for such models also has power law form. Such experimental backing has motivated many studies of materials with fading memory given by a fractional derivative, including [6, 22, 4, 14, 17, 30, 23] and in the frequency domain [19, 36] . Many experimental observations on a variety of materials subject to a constant load show plastic behavior, which can be described by the fractional derivative approach. However, this is not predicted by Volterra models, which under constant load describe elastic materials. Moreover, when the load is removed, fractional models predict recovery of a portion of the deformation, unlike for the case of classical viscous fluids. Thus, the fractional derivative approach allows us to describe materials displaying both elastic and viscous/plastic behavior.
In the last part of the work, we apply the fractional theory to heat diffusion. It seems natural to generalize the Fourier law and the CattaneoMaxwell equation, using a fractional derivative instead of the time derivative. This approach allows us to describe a wider range of phenomena and gives a good description of frequency behavior [35, 20, 28, 1] .
Finally, we study the dissipation and thermodynamic features, in relation to fractional models. Such an analysis allows us to define free energies associated with these systems, from which it is possible to obtain the natural topology for materials described by fractional methods.
Materials with memory
In this section, we study the differences and similarities between the classical Volterra view point and the fractional derivative approach to describing materials with memory.
Volterra's theory
Consider a solid viscoelastic material, linked with reference domain Ω ⊂ R 3 . Its constitutive equation, within the Volterra theory, is given by
where σ and ε denote the stress and strain tensor respectively. The fourth order tensors G 0 and G characterize the nature of the material. The quantity G 0 (·) must be positive. In [2] , it is shown that the restriction imposed by the laws of thermodynamics takes the form
For a solid material with fading memory, we have
yields a finite, positive tensor. From (2.1) we obtain the equivalent forms
The set of past histories ε t (s) = ε(t − s), s ∈ (0, ∞) , is defined using a free energy functional related to the constitutive equation (2.3) or (2.4). There are in general many choices of such free energies. In this study, we consider only the Graffi free energy, given for a solid by
The set of histories ε t = (ε(t), ε t (·)) admissible for the system, is defined by the space
In the Volterra theory, a viscoelastic fluid is defined by the constitutive equation (see [3] )
where p denotes the pressure, I is the identity tensor and the scalar μ is the viscosity kernel, such that μ(
For such fluids, the restrictions which follow from thermodynamic laws reduce to the condition
The Graffi-Volterra free energy for a fluid is given by the functional
Hence, we define the history space for fluids by the set
Fractional derivative view point
In many papers, the study of solid viscoelastic materials was explored by means of the well-known Caputo α fractional derivative [5] , defined for any α ∈ (0, 1) by
where a ∈ [−∞, t) and Γ(·) is the gamma function given for any β > 0 by
In the classical papers using fractional derivatives, as [22] , the constitutive equation of viscoelasticity is defined by
where C(x) is a fourth order tensor. We suppose a = −∞, since if necessary it is always possible to extend ε to the interval [−∞, a) by the null tensor.
Thus, (2.10) can be written as 11) or, by a change of variable,
which are equivalent representations of the Caputo derivative. Thus, the definition (2.10) may be rewritten using the new notation
These definitions involve the integral of a pseudo difference-quotient of order (1 + α). The constitutive equations (2.11) or (2.12) allow us to define the domain of definition of these functionals by a fractional Sobolev space, now called a Gagliardo space [16] , defined for any x ∈ Ω,
with norm given by
In this framework, the constitutive equation of an incompressible viscoelastic fluid is entirely analogous to (2.10), (2.11) or (2.12), with the formal difference that instead of the tensor C(x), we now have a scalar constant η, which is related to the viscosity of the fluid. So, the constitutive functional is given by the stress
where p denotes the pressure and σ E the extra-stress defined by
where v is the fluid velocity, or
Remark 2.1. However, an apparent difference between solids and fluids is located in the coefficient α ∈ (0, 1). When α is close to 0, the model well represents a viscoelastic solid. When α is close to 1, we have a visco-elastic fluid.
Remark 2.2. Another important feature of a solid is the existence of only one null strain ε 0 (or reference configuration) such that the space of histories is a subset of
where, from (2.10) or (2.11), if ε t 0 (s) = ε 0 we have σ(ε t 0 (s)) = 0. For a fluid, the set of histories belongs to
The main difference between the Volterra and fractional derivative models, is evident in the study of solid materials, when we examine the stress behavior for t → ∞. Indeed, in the context of the Volterra theory, if the system is subject to a constant strain ε 0 , then stress will tend to G ∞ ε 0 . This can be proved, if we consider a constant process ε 0 (x) for t > t 0 , so that we obtain the following limit
On the other hand, in the fractional theory we find that the stress will go to 0. Indeed,
In other words, in this case, the material undergoes a kind of plastic deformation [9] .
Remark 2.3. It is worthwhile to observe that, by memory effects, Volterra sought to describe the properties related to dislocation phenomena. However, it is known that the model proposed in (2.1) or (2.3) is not capable of describing plastic effects produced by dislocations.
Thermodynamics
We need to study the compatibility of fractional derivative models with thermodynamics. Only isothermal processes will be considered, so that the Second Law of Thermodynamics reduces to the Dissipation Principle
where Ψ denotes a free energy and ρ is the density. We have from (3.1) that on any cyclic process of period
In particular, for periodic strain processes of the form
it follows from (3.2) (see [12] , [13] ) that for all ε 1 , ε 2 ∈ Sym(V ),
The second term can vary arbitrarily in sign and magnitude for different choices of ε 1 and ε 2 , so that it can be concluded that the tensor C is symmetric. Also, in the first term, the quantity εCε must have a definite signature for the inequality to be obeyed in a simple manner. We choose εCε ≥ 0 so that the condition (3.4) becomes
Remark 3.1. For a fluid defined in (2.18), we obtain from the Second Law the same inequality (3.5). Alternatively, if (2.17) is used, we have the equivalent condition ∞ 0 1 (s) α cos ωs ds ≥ 0 for all ω ∈ R.
Free energies
In this section, we consider the free energies in the fractional theory. Let us first consider a solid, described by the equation (2.12). The free energy is a functional Ψ S which satisfies the inequality (3.1)
For simplicity, let us take the C(x) to be a scalar quantity. The internal power can be written as
Let us define a free energy by the functional
Comparing with (2.5), we see that it is the Graffi free energy for fractional derivative models. The inequality (4.1) is satisfied because by (4.2) we obtain
5) where D(x, t) ≥ 0 denotes the rate of dissipation
D(x, t) = αC(x)(1 + α) 2Γ(1 − α) ∞ 0 (ε(x, t − s) − ε(x, t)) 2 (s) 2+α ds.
The set of histories H t S available with this model is defined by H
For a viscoelastic fluid, we use the constitutive equation (2.18), which is more convenient than (2.17). The internal power is given by
Let us assume that the free energy is given by the functional
or using the variable s = t − τ, in the equivalent form
This is the Graffi free energy for fluids, which of course has a similar form to (4.3) for solids. We may define the set of histories H t F available with this model by
The rate of dissipation D(x, t) is given by
Remark 4.1. Hence for fluids, we see by comparing (2.7) and (4.9), that there is a similarity between the Volterra and fractional expressions. Indeed, the two free energies coincide if the kernel of (2.7) is defined by
(4.10)
Observe however that the kernel (4.10) is not an element of
Differential systems

Viscoelastic solid
Let Ω ⊂ R 3 be a smooth bounded domain of a linear viscoelastic solid, whose constitutive equation is given by the fractional model (2.12). The initial boundary value problem is defined by the differential system in the
where ρ 0 (x) denotes the density, u(x, t) the displacement such that ε = 1 2 (∇u +∇u T ) and f (x, t) the body forces. The initial conditions are
along with the boundary conditions
Using the definition of fractional derivative given in (2.13), equation (5.1) can be rewritten in the form
Now, our purpose is to obtain an energy theorem for the problem (5.1)-(5.3). To this end, we multiply (5.4) by
Hence, using the divergence theorem and the boundary condition (5.3), it follows from (5.5) that
Then, from (4.4) we obtain
Finally, carrying out the time integration, we find that
Viscoelastic fluids
The initial boundary value problem for a viscoelastic incompressible fluid described by the velocity v(x, t), the pressure p(x, t) and the constant density ρ 0 , is defined by the differential system We again seek an energy theorem. It follows from (5.9) and (5.10) that
By virtue of (4.6) and (5.11)
which yields, using the notation of (4.7),
Hence, we have
Heat equation
In the previous papers [35, 1, 15] , the fractional method was used to describe heat conduction, motivated by experimental findings such as those reported in [20, 28] . Heat conductivity in a fractional model provides a convenient approximation of the diffusive interface and gives a suitable estimate of the thermal conductivity.
We introduce the First Law of Thermodynamics for a rigid heat conductorė (x, t) = −∇ · q + r, (6.1) where e is the internal energy, q the heat flux and r the heat supply. The classical Fourier constitutive equation is given by
where q is the heat flux, ∇θ the heat gradient and k(θ) > 0 the thermal conductivity.
It is well known, that aiming at obtaining a finite wave speed propagation, Cattaneo [10] proposed the modified constitutive relation
now called the Cattaneo equation.
Fractional Cattaneo equation
We can generalize (6.3) by replacing the time derivative left-hand side by a fractional derivative. This yields
where α > 0 is the order of the derivative. Then the constitutive equation assumes the form γα
For this fractional problem, given the similarity with fluid models, the case where 1 2 < α < 1 appears especially convenient (see [1] , [20] ). We need to study the restriction resulting from the Second Law of Thermodynamics for a heat rigid conductor, which is given by the inequalitẏ 6) where the internal energy e and the entropy η are state functions. The state σ depends on the particular choice of constitutive equations. Introducing the free energy ψ = e − θη, we obtain the following approximation of (6.6)
In this framework, we consider the constitutive equation (6.4) or (6.5), from which we have, for smooth fields, , t) ).
Then, from (6.7), we have
11)
Finally, by virtue of (6.12), (6.9) and (6.10), 
